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13.  ABSTRACT 


Results  of  a  study  to  investigate  the  influence  of  non-uniform  stress  fields 
on  the  failure  strength  of  rocks  are  presented.  Three  rock  types,  Westerly  granite. 
Nugget  sandstone,  and  Tennessee  marble,  were  tested  to  failure  in  .-nconfined  tension, 
torsion,  and  bending  tests,  and  in  triaxial  compression  and  extension  tests. 

Specimens  were  prepared  with  notches  of  various  sharpness  to  vary  the  intensity  of 
the  stress  gradients  in  the  specimens.  Analyses  were  performed  to  determine  how  the 
magnitude  of  the  stress  varied  across  the  specimen.  Two  significant  experimental 
observations  were  made.  First,  the  fracture  stress  was  insensitive  to  the  notch 
configuration  for  all  rocks  tested.  Second,  local  stresses  existed  in  the  specimens 
near  the  crack  tips  significantly  above  the  stress  required  to  fracture  the  rock 
in  a  uniform  stress  field.  A  preliminary  correlation  of  the  increase  in  strength 
exhibited  by  a  specimen  in  a  non-uniform  stress  field  is  presented  based  on  a  ’ 
critically  stressed  distance  that  varies  with  the  maximum  stress.' 
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ABSTRACT 

Results  of  a  study  to  investigate  the  influence  of  non-uniform  stress 
fields  on  the  failure  strength  of  rocks  are  presented.  Three  rock  types. 
Westerly  granite.  Nugget  sandstone,  and  Tennessee  marble,  were  tested  to 
failure  in  unconfined  tension,  torsion,  and  bending  tests,  and  in  triaxial 
compression  and  extension  tests.  Specimens  were  prepared  with  notches  of 
various  sharpness  to  vary  the  intensity  of  the  stress  gradients  in  the 
specimens.  Analyses  were  performed  to  determine  how  the  magnitude  of  the 
stress  varied  across  the  specimen.  Two  significant  experimental  observations 
were  made.  First,  the  fracture  stress  was  insensitive  to  the  notch  configura¬ 
tion  for  all  rocks  tested.  Second,  local  stresses  existed  in  the  specimens 
near  the  crack  tips  significantly  above  the  stress  required  to  fracture  the 
rock  in  a  uniform  stress  field.  A  preliminary  correlation  of  the  increase 
in  strength  exhibited  by  a  specimen  in  a  non-uniform  stress  field  is  present¬ 
ed  based  on  a  critically  stressed  distance  that  varies  with  the  maximum  stress. 
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FRACTURE  MECHANICS  APPLICATIONS  TO  ROCK 


I.  INTRODUCTION 

Most  previous  laboratory  investigations  of  rock  fracture  have  considered 
only  conditions  of  uniform  stress.  It  has  been  suggested  that  the  degree  of 
the  non-uniformity  of  stress  may  have  some  bearing  on  fracture  in  rock  and 
this  has  been  demonstrated  to  some  extent  in  rock  and  other  materials.  This 
could  be  of  considerable  practical  importance  as  many  rock  mechanics  problems 
involve  non-uniform  stresses.  A  particular  example  would  be  in  rock  cutting 
where  the  stress  is  localized  in  the  vicinity  of  the  cutting  tool.  Thus, 
rather  than  being  uniform  the  stress  is  highly  concentrated.  The  effect  of 
the  non-uniformity  of  stresses  on  rock  fracture  has  been  recognized  by  Cook  0  ) 
for  this  problem.  Stress  gradients  occur  in  other  engineering  problems  where 
loads  are  localized  or  non-uniform. 

It  appears  that  improvements  in  the  design  of  cutting  systems  will  be 
facilitated  by  a  detailed  understanding  of  the  stress  and  strain  fields  in 
the  region  of  rock  involved.  This  approach  has  been  pursued  by  Cheatham  et  al  (2,3) 
and  Pariseau  (4)  among  others  for  bit  penetration  problems.  However,  this 
knowledge  of  the  stress  field  must  be  accompanied  by  a  corresponding  knowledge 
of  the  rock  fracture  properties  under  the  appropriate  conditions  of  high  stress 
gradients. 

In  the  present  research  program,  the  objective  is  to  obtain  a  detailed 
and  quantitative  understanding  cf  rock  fracture  under  conditions  involving 
gradients  of  stress.  To  accomplish  this  a  series  of  laboratory  tests  and 
theoretical  analyses  have  been  carried  out.  The  results  and  their  interpreta¬ 
tion  are  presented  in  this  report. 

Previous  Work 

Although  of  fundamental  importance  in  many  rock  mechanics  problems,  the 
effects  of  stress  gradients  on  fracture  have  been  little  studied.  It  has 
long  been  appreciated  that  certain  indirect  tests  for  determining  the  tensile 
strength  of  rock,  such  as  bending  tests,  gave  strength  values  higher  than 
those  measured  in  direct  tension.  Jaeger  and  Cook  (  5)  present  a  discussion 
of  the  experimental  work  on  the  subject,  and  present  an  analysis  of  the  effect 
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of  stress  gradients  based  on  critically  stressed  volume.  The  size  effect  on 
fracture  strength  has  been  interpreted  by  some  investigators  to  be  a  result 
of  stress  gradient  effects  (  6,7).  However  it  appears  that  little  direct 
work  on  the  effect  of  stress  gradients  on  fracture  in  rock  has  been  published. 

Stress  gradients  have  been  recognized  as  a  variable  in  materials  other 
than  rock.  A  fundamental  theoretical  approach  is  due  to  Wei bull  (3)  who 
considered  the  statistical  effect  of  spaci.  size  on  strength.  Fracture  is 
considered  to  result  from  internal  defects,  and  the  statistical  defect  size 
and  distribution  throughout  the  material  introduces  a  size  effect.  Stress 
gradients  enter  by  virtue  of  the  volume  of  material  at  a  given  stress  level. 

A  classic  result  of  the  Weibull  theory  is  that  the  strength  of  a  material 
under  uniform  stress  varies  with  volume  as 


where  ou  and  m  are  material  parameters.  The  details  of 

this  have  been  presented  by  Jaeger  and  Cook  (5).  The  use  of  a  Weibull - 

type  statistical  theory  has  been  often  employed  in  considerations  of  brittle 
fracture.  It  has  been  criticized  however  on  the  grounds  that  it  is  a  "weakest- 
link"  type  model  that  is  based  on  catastropic  propagation  of  a  crack  once  frac¬ 
ture  has  been  initiated.  It  has  been  established  that  in  many  materials  con¬ 
sidered  brittle  in  some  sense,  a  coalesence  of  defects  is  required  before  final 
fracture  is  produced  (  g).  On  this  basis  Hasofer  (io)  has  developed  a  "parallel- 
link"  statistical  model  to  describe  brittle  fracture  in  steel.  One  of  the 
features  of  the  results  is  a  much  less  pronounced  dependence  on  sirs  as  com¬ 
pared  to  the  Weibull  model.  The  effect  of  stress  gradient  on  fracture  in 
ceramics  has  been  investigated  by  Weiss,  Chait,  and  Sessler  (ll).  The  apparent 
stress-strain  behavior  of  their  ceramics  were  linear  to  the  point  of  fracture 
and  thus  would  be  expected  to  be  sensitive  to  stress  concentrations.  The  usual 
maximum  str,.>3  criteria  would  predict 

Set  ^t  ~  Sax  (2) 
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where  K.  is  the  stress  concentration  factor.  Instead,  they  found  that  the 

I* 

ceramics  approximately  followed  the  relationship 


In  this  work  the  weak  dependence  on  stress  concentration  was  explain¬ 
ed  on  the  basis  of  stress  gradients  by  means  of  the  Weibull  theory.An  alterna¬ 
tive  interpretation  was  also  suggested  that  considers  a  distribution  of  defects 
at  a  given  spacing  in  the  material.  The  ratio  of  the  defect  spacing  to  a 
length  characterizing  the  stress  gradient  introduces  a  size  (and  stress  gra¬ 
dient)  effect  into  the  interpretation  of  fracture.  Their  model  predicts  that 
an  inhomogeneous  material,  as  characterized  by  a  large  defect  spacing,  will 
be  insensitive  to  stress  concentrations.  This  is  supported  by  the  findings 
of  Wright  and  Byrne  (12)  who  introduced  various  notches  into  concrete  speci¬ 
mens  and  found  a  negligible  effect  on  the  net  section  fracture  stress  in  ten¬ 
sion. 

An  experimental  study  of  the  effect  of  stress  gradients  on  stresses  in 
brittle  plastics  has  been  presented  by  Durelli  and  Parks  (13).  A  strong 
dependence  of  fracture  on  stress  gradients  was  found.  Their  data  were  corre¬ 
lated  by  considering  the  failure  stress  to  be  a  linear  function  of  the  loga¬ 
rithm  of  the  volume  of  material  stressed  above  95%  of  the  tensile  strength. 

Size  and  stress  gradient  effects  have  been  long  noted  in  metal  fatigue 
(14),  and  are  evnlained  by  statistical  flaw  distributions  as  well  as  size 
parameters  such  as  the  width  of  a  plastic  slip-band.  Stress  gradients  have 
been  considered  in  spall  fracture  (15,16);  however,  this  problem  is  complicated 
by  wave  propagation  and  strain  rate  effects. 

In  the  following  an  experimental  program  to  investigate  fracture  in 
Westerly  granite,  Nugget  sandstone,  and  Tennessee  marble  will  be  described. 
Fracture  results  will  be  given  for  these  rocks  under  a  variety  of  stress  con¬ 
ditions,  principally  involving  specimens  with  stress  risers  so  as  to  introduce 
stress  gradients.  These  results  will  be  discussed  in  detail. 

II.  EXPERIMENTAL  METHODS 

Rock  Types 
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Three  rock  types  were  tested  in  this  program;  these  are  Westerly  granite. 
Nugget  sandstone,  and  Tennessee  marble.  All  three  rock  types  have  been  tested 
previously  in  this  laboratory  and  elsewhere  (l 7-25) . 

Specimen  Preparation 

The  tests  carried  out  in  this  program  were  tension,  extension,  and  tor¬ 
sion  of  cylindrical  specimens,  and  bending  and  compression  of  prismatic  (rec¬ 
tangular)  specimens.  These  tests  were  carried  out  on  both  smooth  specimens, 
and  with  the  exception  of  the  bending  tests,  on  specimens  with  various  types 
of  notches  to  serve  as  stress-risers.  The  notch  configurations  are  shown  in 
Figure  1.  The  notches  can  be  seen  to  have  tip  radii  of  1/8,  1/32,  and  0.0015 
inches. 

The  cylindrical  specimens  were  cored  from  large  blocks  and  surface 
ground  on  the  lateral  surface  and  ends  to  a  uniformity  of  within  +  0.0003 
inch.  The  rectangular  specimens  were  cut  from  the  same  blocks,  and  the  com¬ 
pression  specimens  were  ground  on  all  sides. 

The  1/32  and  1/8  radii  notches  were  produced  in  the  specimens  by 
grinding  wheels  with  semicircular  ends.  The  smallest  notch  was  produced  ty 
first  establishing  a  V-shaped  notch  by  grinding  ,  and  then  further 
shaping  the  tip  by  cutting  with  a  0.003  inch  diameter  diamond  impregnated 
wire,  thus  giving  a  controlled  notch  tip  radius  of  0.0015  inch.  The  notches 
formed  by  these  techniques  are  relatively  smooth  and  reproducible. 

The  nutches  for  the  tension  and  extension  specimens  were  placed  in  the 
circumferential  direction  as  shown  in  Figure  1.  The  notches  for  the  torsion 
specimens  were  machined  both  in  circumferential  and  longitudinal  directions, 
as  shown  in  Figures  1  and  2.  The  smooth  {unnotched)  extension  specimens 
were  3/4  inch  diameter,  the  notched  extension  specimens  were  1  inch  diameter, 
while  both  notched  and  unnotched  tension  and  torsion  specimens  were  1  inch 
diameter.  All  of  the  notches  were  placed  1/8  inch  deep,  so  that  the  net 
section  of  the  circumferentially  notched  1  inch  diameter  specimens  was  3/4 
inch  in  diameter.  In  addition,  tension  specimens  with  a  2  inch  diameter 
were  also  tested,  both  unnotched  and  with  1/8  inch  deep  circumferential 
notches.  All  specimens  had  an  L/D  ratio  of  2  or  more. 


4 


I 


In  addition  to  the  above  specimens,  a  number  of  tension  tests  were 
carried  out  on  a  separate  block  of  Nugget  sandstone  using  a  slightly  dif¬ 
ferent  notch  configuration  shown  in  Figure  3.  These  notches  were  cut  to 
various  depths  with  a  0.030  thick  cut-off  saw  blade.  The  notch  tips  were 
then  sharpened  with  0.003  and  0.008  inch  diamond  impregnated  wire.  Com¬ 
pression  tests  were  run  on  the  specimen  shown  in  Figure  4.  These  edge- 
notched  rectangular  bars  were  used  for  both  unconfined  and  confined 
compression  tests.  The  specimens  used  for  the  bend  tests  are  shown  in  Figure  5. 

In  the  tests  under  confining  pressure  the  specimens  were  jacketed  with 
laboratory  Tygon  tubing.  Since  the  analysis  of  the  notched  specimens  under 
pressure  assumes  that  hydrostatic  pressure  exists  around  the  surface  of  the 
notch  as  well  as  on  the  lateral  surface  of  the  specimen,  care  was  taken  to 
ensure  that  this  condition  prevailed.  This  was  accomplished  by  filling  the 
notch  with  an  RTV  rubber  (Dow-Corning  732)  that  was  soft  enough  to  transmit 
hydrostatic  pressure.  Trouble  was  experienced  initially  with  the  Tygon 
jacket  being  cut  by  the  sharp  edge  of  the  notch  flank  as  pressure  compressed  the 
RTV  rubber  excessively.  This  was  solveu  by  stiffening  the  notch  filler 
slightly  by  placing  a  neoprene  rubber  0-rina  around  the  notch  before  filling  the 
remainder  of  the  void  with  the  RTV  rubber. 

Test  Methods 

The  servo-controlled,  electro-hydraulic  triaxial  testing  <;ystem  used 
for  previous  tests  (20,27  )  was  employed  for  both  the  tension,  compression, 
and  extension  testing.  The  apparatus  was  adapted  to  tensile  testing  by  con¬ 
structing  the  apparatus  shown  in  Figure  6.  A  proving  ring  type  load  cell  was 
designed  and  fabricated  to  provide  the  sensitivity  for  accurately  measuring 
the  small  loads  encountered  in  testing  brittle  materials  in  tension.  Strain 
gages  mounted  on  the  ring  provided  the  stress  signal  and  calibration  showed 
the  instrument  was  both  linear  and  reproducible.  The  specimen  was  bonded 
tn  metal  end  tabs  using  a  filled  epoxy  cement.  It  was  found  that  this  joint 
was  stronger  than  the  rock  and  no  bond  failures  occurred  in  these  tests. 

The  extension  test  apparatus  is  shown  in  Figure  7.  This  test  was  con¬ 
ducted  by  applying  confining  pressure  to  the  specimen  with  sufficient  end 
load  applied  to  maintain  a  condition  of  hydrostatic  pressure.  The  end  load 
was  then  •'educed  and  since  the  closure  piston  diameter  is  larger  than  the 
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specimen  diameter  the  axial  stress  in  the  specimen  is  reduced.  This  is 
equivalent  to  superposing  hydrostatic  pressure  on  a  tensile  test.  Some 
initial  difficulty  was  experienced  in  the  extension  test  due  tc  fracture 
of  the  extension  piston.  This  was  solved  by  using  a  high  toughness 
maraging  steel  piston.  The  axial  load  in  the  extension  test  was  measured 
with  a  bonded  strain  gage  load  cell  built  into  the  closure  plug  and  located 
inside  the  pressure  vessel  as  shown  in  cigure  7.  Pressure  was  measured 
with  a  manganin  coil,  and  all  of  the  data  were  recorded  on  a  pen-type  Offner 
recorder. 

Alignment  of  the  specimen  in  both  tension  and  extension  testing  is  a 
critical  problem  since  bending  must  be  avoided.  In  both  tests  the  align¬ 
ment  problems  were  minimized  by  very  carefully  grinding  the  ends  of  the 
specimens  to  ensure  parallelism.  Universal  joints  were  used  in  the  tension 
linkage  to  prevent  bending  loads  being  induced  by  the  test  machine.  The 
same  effect  was  accomplished  in  the  extension  tests  by  allowing  slack  in 
the  connecting  linkage. 

The  torsion  tests  were  carried  out  without  confining  pressure  using 
a  standard  laboratory  Tinius  Olsen  torsion  testing  machine.  A  special 
thin-walled  steel  tube  torque  cell  of  appropriate  size  was  designed,  con¬ 
structed,  and  calibrated  for  these  tests.  Strain-gages  were  used  as  the 
output  sensors  and  data  were  recorded  on  a  Houston  Instruments  Co.  X-Y 
recorder. 

Bending  tests  were  carried  out  on  rectangular  specimens  1/2  inch  thick 
by  1  inch  wide  by  approximately  6  1/2  nches  long.  A  four  point  load 
apparatus  was  used  as  shown  in  Figure  8>  A  10,000  pound  Instron  Tester 
was  used  for  these  tests. 

The  compression  tests  were  performed  on  edge  notched  rectangular  speci¬ 
mens  1/2  inch  thick  by  1  inch  wide  by  2  1/2  inches  long.  These  tests  were 
run  both  unconfined  and  with  confining  pressure. 

Ill  RESULTS 

The  result.,  from  the  tension,  extension,  torsion,  and  bending  tests  are 
described  in  this  section.  The  results  presented  refer  in  most  cases  to  the 
average  maximum  stresses  in  the  specimen,  and  are  based  on  the  minimum  cross- 
sectional  area  of  the  notched  section  for  the  circumferentially  notched 


specimens.  A  consideration  of  the  actual  state  of  stress  in  the  specimens 

is  deferred  until  the  next  section.  The  sign  convention  employed  is  that 
compression  is  considered  positive. 

Tension  Tests 

A  summary  of  the  fracture  stress  for  the  direct  tension  tests  is 
given  in  Table  1.  The  results  are  given  for  both  the  1  inch  and  2  inch 
diameter  specimens,  smooth  and  with  three  notch  configurations,  and  for 
the  three  rock  types.  A  comparison  of  the  smooth  and  notched  specimen 
net-section  fracture  stresses  shows  that  the  strength  of  all  three  rocks 
are  very  insensitive  to  the  presence  of  the  notches.  This  appears  to  be 
a  fundamental  result,  which  will  be  discussed  in  more  detail  in  the  next 
section.  The  tension  results  are  seen  to  exhibit  considerably  more 
scatter  than  compression  tests  of  these  rocks.  Although  this  <iay  be  an 
inherent  material  property,  it  undoubtedly  also  reflects  the  experimental 
difficulties  in  direct  tension  tests.  The  tensile  strength  of  the  Tennessee 
marble  unnotched  specimen  is  in  good  agreement  with  values  reported  by 
Wawersik  (25).  Examples  of  the  fracture  surfaces  are  shown  in  Figure  9. 

The  results  of  preliminary  tension  tests  run  on  Nugget  sandstone  with 
a  slightly  different  notch  configuration  are  given  in  Table  2.  These 
notches  were  formed  by  sharpening  the  end  of  a  0.030  wide  straight  notch, 
as  shown  in  Figure  3.  The  results  are  interesting  in  that  several  different 
notch  depths  were  employed.  It  should  be  noted  that  the  Nugget  sandstone 
used  for  these  tests  was  obtained  from  a  different  location  than  that  used  in 
all  the  other  studies,  and  had  a  somewhat  higher  tensile  strength. 

Extension 

The  fracture  stresses  for  the  extension  tests  (i.e.  tension  under  con¬ 
fining  pressure)  are  given  in  Table  3.  The  stresses  for  unnotched  exten¬ 
sion  specimens  of  Westerly  granite  are  shown  in  Figure  10  along  with  previous 
results  by  Mogi  (22).  It  can  be  seen  that  the  data  are  in  good  agreement, 
although  in  somewhat  different  ranges  of  confining  pressure.  Similar  plots 
*or  Nugget  sandstone  and  Tennessee  marble  are  shown  in  Figures  11  and  12.  The 
net-section  stress  difference  for  the  notched  extension  tests  is  shown  in 
Figures  13-15.  The  effect  of  the  notches  is  similar  to  that  seen  in  the 
tension  tests,  and  will  be  analyzed  further  in  the  next  section.  The  fractures 
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in  all  specimens  appeared  to  be  tension  fractures,  with  the  surfaces  more  or  less 
normal  to  the  specimen  axis.  Typical  examples  are  shown  in  Figure  16. 


Torsion 

Unconfined  torsion  tests  were  run  on  unnotched  cylindrical  specimens, 
and  specimens  with  either  circumferential  or  longitudinal  notches  of  the 
configurations  r  r,v.n  previously.  A  summary  of  the  results  is  given  in  Table 
4.  The  nominal  shear  stress  which  is  inclined  has  been  ca^cu  ed  from  the 
usual  formula 

T  -  Ic  (4) 

where  T  is  the  torque,  c  is  the  distance  from  the  neutral  axis  to  the  outer 
surface,  anc  J  is  the  polar  moment  of  inertia  of  the  cross  section.  For  the 
circumferentially  notched  specimens,  the  net  section  diameter  has  been  used. 
It  can  be  seen  that  the  failure  torque  is  only  moderately  affected  by  the 
notch;  thus  the  nominal  shear  stress  is  actually  increased.  Photographs 
of  typical  fractured  specimens  are  shown  in  Figure  17.  The  spiral  fractures 
that  result  from  tension  fracture  can  be  readily  observed  in  both  the  smooth 
and  notched  specimens. 

Beam  Bending 

Simple  rectangular  beam  specimens  were  loaded  in  four  point  bending.  The 
results  are  given  in  Table  5  v.hich  shows  the  fai'ure  load,  calculated  bending 
moment,  and  nominal  bending  stress  calculated  from  the  formula 


(5) 


where  M  is  the  moment,  c  is  the  distance  from  the  neutral  axis  to  the  oiter  sur 


face,  and  I  is  the  moment  of  inertia  for  the  cross  section.  The  bending  tests 
were  much  more  reproducible  than  the  direct  tension  results,  and  exhibited  only 
nominal  scatter.  The  specimens  app  ared  to  break  randomly  in  the  central  part 
of  the  beam.  As  would  be  expected,  the  bending  stress  is  considerably  higher 


than  the  direct  tensile  strength  for  each  rock. 


Sections  were  cut  in  the  longitudinal  directicr  from  the  central  part 
of  some  of  the  beams  after  fracture  occurred.  These  sections  were  polished 
and  examined  with  a  scanning  electron  microscope.  Typical  results  are  shown 
in  Figures  18-20.  Significant  defects  were  observed,  primarily  associated 
with  grain  boundaries.  However  a  comparison  of  the  rock  located  on  the  tension 
and  compression  sides,  and  also  on  the  beam  neutral  axis  shows  no  significant 
difference. 
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Notched  Compression  Tests 

Several  tests  were  carried  out  on  rectangular  (prismatic)  compression 
specimens  with  a  side  notch  as  shown  in  Figure  4  .  These  tests  were  pri¬ 
marily  qualitative  and  were  motivated  by  an  attempt  to  induce  a  '  lear  or 
Suiting  type  fracture,  as  opposed  to  the  tension  fractures  characteristic 
of  all  the  other  tests  in  this  program.  A  typical  result  is  shown  in 
Figure  Zi  for  both  unconfined  and  confined  tests.  The  cracks  in  the  rock 


coecimens  appear,  however,  to  be  tension  cracks.  It  is  not  clear  at  this 
time  if  a  variation  of  this  specimen  configuration  may  be  successful  in  pro¬ 
ducing  the  desired  result. 


IV.  ANALYSIS  OF  RESULTS 

The  experimental  results  presented  in  the  previous  section  show  a 
complex  picture  of  rock  behavior  under  conditions  of  stress  gradients.  In 
this  section  the  interpretation  of  these  results  will  be  studied. 

Fundamental  to  an  understanding  of  fracture  under  conditions  of  stress 
gradient  is  a  knowledge  of  the  stresses  in  the  test  specimens.  In  general 
a  stress  analysis  is  needed  since  test  specimens  with  stress  gradients  are 
basically  statically  indeterminate.  For  specimens  with  reasonably  simple 
configurations,  the  stress  analysis  per  se  is  not  an  extremely  difficult 
task,  particularly  as  numerical  techniques  are  rather  generally  available. 

One  of  the  more  successful  nf  these,  the  finite-element  method,  was  used 
extensively  in  this  program  and  will  be  described  subsequently. 

"he  question  of  the  material  behavior  description  to  be  used  in  the 
analysis  is  r  ;re  difficult.  It  is  well  known  that  rock  is  inelastic  to 
some  degree  depending  on  the  rock  type  and  state  of  stress,  and  the  authors 
have  previously  been  involved  in  the  development  of  constitutive  equations 
(17)  for  rock  inelastic  behavior.  This  inelastic  behavior  is  evidenced  even 
in  uniaxial  tension.  The  tension  stress-strain  curves  shown  in  Figures  22 
through  25  illustrate  this.  These  curves,  measured  by  means  of  strain  gaged 
specimens  (  18)  show  two  features  that  are  particularly  interesting. 

First,  the  rock  shows  bulking  (volume  expansion)  similar  to  that  seen  in  com¬ 
pression,  as  evidenced  by  the  lateral  strain  measurements.  Second,  hysteresis 
and  permanent  set  are  seen  on  unloading,  particularly  in  the  lateral  strain 
measurements.  Similar  observations  have  been  made  by  Wawersik  (25).  These 
observations  undoubtedly  reflect  micro-cracking  and/or  grain  boundary  sliding. 
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In  spite  of  these  evidences  of  inelasticity,  there  is  justification 
for  using  linear  elastic  theory  in  the  test  specimen  stress  analysis.  First, 
the  non-linearity  of  the  axial  stress-strain  curves  is  not  large.  Even 
though  one  may  intuitively  believe  that  stresses  are  considerably  relieved 
by  inelastic  effects  in  the  immediate  vicinity  of  stress  concentrations, 
this  evidence  is  not  readily  available  as  it  is  not  manifested  in  overall 
stress-strain  curves.  Second,  even  though  it  may  not  be  possible  to  cal¬ 
culate  realistic  stresses  in  the  presence  of  say,  a  sharp  crack,  it  has  been 
shown  in  some  cases  to  be  of  great  utility  to  use  linear  elastic  solutions. 

This  is  the  c^se,  for  example,  in  linear  elastic  fracture  mechanics  where 
the  use  of  energy  release  rate  or  stress  intensity  factor  can  in  many  cases  be 
based  on  elastic  stress  solutions.  Finally  the  relative  ease  of  using 
linear  elastic  theory  both  for  the  test  specimens  and  in  applications  is  a 
significant  factor.  On  the  basis  of  these  remarks,  the  specimen  stress 
analysis  is  being  carried  out  using  both  linear  elastic  and  nonlinear- 
inelastic  theory.  Linear  solutions  have  been  carried  out  and  are  presented 
below  and  used  in  the  analysis  of  results.  The  inclusion  of  inelasticity 
in  the  stress  analyses  is  currently  under  study  and  will  be  reported  in 
future  work. 

Finite  Element  Analysis 

In  order  to  carry  out  the  numerical  stress  analysis  of  the  cylindrical 
notched  specimens,  an  axisymmetric  finite  element  computer  program  was  used. 
This  program  which  was  developed  specifically  for  use  in  this  research  program, 
utilizes  quadrilateral  elements  which  are  made  up  of  four  separate  triangular 
elements.  Within  each  triangle  the  displacements  are  assumed  to  vary  linearly. 
Results  of  analysis  of  several  check  cases  have  shown  the  program  to  be  very 
efficient  as  well  as  accurate.  As  previously  mentioned,  only  linear  elastic 
analyses  have  been  carried  out  for  the  test  specimen  configurations  to  date, 
however  work  is  currently  proceeding  on  modifications  to  the  finite  element 
program  which  will  allow  for  nonlinear  and  inelastic  behavior  of  the  rock 
material . 

Finite  element  analyses  have  been  performed  for  all  six  of  the  cylindrical 
notched  bar  configurations.  Advantage  was  taken  of  the  symmetry  conditions 
which  allow  only  one  quarter  of  a  bar  section  to  be  considered.  The  finite 


element  mesh  used  to  represent  the  one  inch  diameter  bar  with  a  1/8  inch 
radius  notch  is  shown  in  Figure  26.  Similar  meshes  were  used  to  represent 
the  other  test  specimen  geometries  with  appropriate  refinements  made  in 
the  cases  of  the  notches  with  smaller  radii. 

Results  of  Analysis 

The  results  obtained  for  the  notched  cylindrical  bars  are  shown  in 
Figures  27-32.  With  this  information  the  stress  in  both  the  tension  and 
extension  test  specimens  can  be  determined.  This  is  accomplished  by  multi¬ 
plying  the  stress  difference  in  the  test  specimens  by  the  appropriate  stress 
ratio  from  these  figures,  and  then  superposing  the  hydrostatic  pressure  for 
the  extension  specimens.  This  superposition  procedure  of  course  depends  on 
the  linearity  of  the  stress  analysis.  The  stress  concentration  factors 
obtained  from  the  finite  element  solutions  are  presented  in  Table  6. 

As  a  check  on  the  accuracy  of  the  results  a  comparison  was  made  with 
the  classic  Neuber  solution  (29).  This  solution  is  for  a  similar  configura¬ 
tion  with  the  exception  that  the  notch  is  assumed  to  be  hyperbolic  and 
"deep"  so  that  the  section  away  from  the  notch  is  of  infinite  diameter.  Thus 
the  Neuber  solution  is  appropriate  for  the  specimens  only  in  the  immediate 
vicinity  of  the  notch  tip.  However,  if  errors  were  to  exist  in  the  finite 
element  results,  they  undoubtedly  would  occur  where  the  stress  gradient  is 
highest,  i.e.,  in  the  vicinity  of  the  notch.  A  comparison  of  the  results 
for  the  one  inch  diameter  bars  is  given  in  Figures  27-29.  These  results 
show  the  finite  element  and  Neuber  solutions  to  be  in  very  good  agreement 
near  che  tips  of  the  notches.  Thus,  confidence  can  be  placed  in  the  numeri¬ 
cal  results. 

Fracture  Stresses  in  Test  Specimens 

An  apparent  result  given  in  the  previous  section  is  that  the  notched 
rock  specimen  net  section  fracture  stresses  were  relatively  insensitive  to 
the  presence  of  the  notches.  On  the  other  hand,  this  means  that  the  maximum 
stress  predicted  at  the  notch  tip  is  sensitive  to  the  stress  concentration 
factor  or  perhaps  the  stress  gradient.  This  can  clearly  be  seen  in  Figure 
33  where  the  notch  tip  stresses  are  plotted  vs.  the  stress  concentration 
factor.  A  similar  effect  can  be  seen  in  the  bending  tests,  as  the  maximum 
tensile  stress  in  the  bending  specimens  is  on  the  order  of  60  to  100  %  higher 
than  in  direct  tension. 
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The  differences  between  the  three  rocks  can  be  seen  more  clearly  In 
Figures  34-36  where  the  net  section  stress  Is  plotted  vs.  the  stress  con¬ 
centration  factor  on  log-log  coordinates.  The  data  have  been  fitted  with  a 
least  squares  straight  line;  the  slopes  of  the  lines  for  the  three  rocks 
are  apparently  different. 


Critically  Stressed  Region 

One  of  the  methods  used  in  the  literature  to  understand  fracture  under 


conditions  of  stress  gradient  is  to  postulate  that  fracture  cannot  propagate 
until  the  stress  reaches  a  critical  value  over  a  finite-sized  region.  The 


region  may  be  a  critical  volume  or  perhaps  a  critical  linear  distance.  The 
size  of  the  region  may  depend  on  the  distribution  and  magnitude  of  the 
stress  in  the  region.  This  latter  problem  is  often  approached  by  means  of 
Weibull  statistics  {  8,30),  involving  the  distribution  of  flaws  in 


the  material.  As  discussed  in  the  introduction,  the  use  of  Weibull  statistics 


has  often  been  criticized  on  the  basis  that  it  postulates  a  "weak-link  in 
series"  fracture  mechanism,  while  for  certain  materials  there  is  a  somewhat 


separate  process  of  the  initiation  of  micro-cracks  and  the  final  catastrophic 
propagation.  This  has  also  been  approached  statistically  as  well  as  with  more 
strictly  physical  concepts  such  as  stress  over  dislocation-related  lengths. 

In  view  of  the  evidences  of  micro-cracking  in  rock  specimens  prior  to  final 
fracture  for  both  tension  and  compression  conditions,  it  seems  plausible  to 
investigate  the  concept  of  a  critically  stressed  length.  This  will  be 
approached  first  by  considering  only  the  maximum  tension  stress  in  the  un¬ 
confined  tension  and  bending  tests.  Subsequently,  considerations  of  the 
triaxial  stress  fields  will  be  made. 


Tentatively  the  critically  stressed  region  will  be  defined  by  two  para¬ 
meters;  the  size  of  the  region  in  which  the  tensile  stress  exceeds  the  direct 
tensile  strength  of  the  rock,  and  the  maximum  stress  in  the  region.  These 
two  parameters  have  been  plotted,  one  vs.  the  other,  in  Figures  37-39  on 
log-log  coordinates.  Included  in  these  plots  are  the  notched  1  and  2  inch 
diameter  specimen  tension  results  and  the  bending  test  results.  The 
plots  in  Figures  37,78  >  and  39  are  apparently  quite  scattered  and  the  impli¬ 
cations  are  not  fully  evident.  To  consider  this  further,  it  is  useful  to 
consider  what  the  limit  could  be  as  the  stress  concentrations  are  increased. 


This  will  be  discussed  in  the  following. 
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Sharp  Crack  Fracture  Mechanics 

As  the  radius  of  curvature  of  the  notch  tip  is  decreased,  the  stress 
distribution  approaches  that  for  a  sharp  crack.  In  this  case  the  stress 
distribution  is  well  known  (  31)  and  the  axial  stress  on  the  notch  mid¬ 
plane  in  the  immediate  vicinity  of  the  notch  can  be  written  simply  as 


0 


zz 


(6) 


where  r  is  the  distance  from  the  crack  (notch)  tip  and  ICj  is  a  constant  that 
depends  on  the  load  and  geometry  and  is  termed  the  stress  intensity  factor. 

As  explained  in  texts  on  linear  elastic  fracture  mechanics  (9)  the  valje  of  K] 
at  the  instant  when  the  crack  propagates  is  regarded  as  a  material  property,  and 
if  the  material  is  under  conditions  of  plane  strain  is  termed  K^c,  the 
critical  stress  intensity  factor  for  the  material.  The  stress  intensity  factor 
ICj  is  related  to  the  geometry  and  loads  by  a  stress  analysis,  either  analy¬ 
tical  or  numerical  (32,33).  For  example,  the  stress  intensity  factor  for  a 
sharp  crack  of  length  2c  in  an  infinite  plate  is  given  by  (32). 


K 


1 


(7) 


where  oQ  is  the  applied  stress  at  the  plate  boundary  (away  from  the  crack). 

The  stress  analysis  for  a  circumferentially  cracked  cylinder  is  available 
(34)  and  has  been  also  compared  to  numerical  solutions  performed  by  the 
author  (33).  The  analytical  solution  trkes  the  iorm 


K 


1 


(8) 


where  onet  is  the  net  section  axial  stress,  d  is  the  specimen  diameter  at 


the  net  section,  D  is  the  outside  specimen  diameter,  and  f^jyj  is  a  numerical 
factor.  Thus  K]c  can  be  easily  calculated  from  tests  of  cracked  cylinders 
pulled  in  tension. 

The  0.0015  notch  tip  radius  specimens  were  designed  to  simulate  sharp 
crack  conditions;  this  represented  the  sharpest  tip  that  could  be  reproducibly 
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produced  using  the  methods  described  earlier.  Whether  or  not  this  tip 
radius  is  sufficiently  small  is  open  to  question  and  should  be  investigated 
further.  Taking  the  position  that  further  sharpening  of  the  notch  tip 
would  not  affect  the  apparent  strength,  Klc  values  can  be  calculated  from 
the  previous  equation.  These  are  shown  in  Table  7. 

The  Kjc  values  can  be  related  to  the  fracture  energy  for  the  material 
by  the  use  of  the  well  known  Irwin  formula  (35) 

(1  -  v2)  ^  =  Gc  =  2Yp  (9) 

where  yp  is  the  fracture  energy,  which  includes  but  is  usually  much  larger 
than  the  surface  energy  specified  in  the  original  Griffith  fracture  criterion. 
Using  the  average  Klc  values,  yp  has  been  calculated  and  is  shown  in  Table  8. 

Also  shown  ate  values  presented  in  the  literature  (25,36-40).  The  com¬ 
parison  with  the  previous  value  of  yp  obtained  for  Tennessee  marble  by 
Wawersik  (25)  is  very  close,  thus  lending  some  confidence  in  these  results. 

It  should  be  cautioned  that  although  the  present  values  look  reasonable, 
the  extremely  close  agreement  is  probably  fortuitous. 

It  is  interesting  to  examine  the  tests  on  Nugget  sandstone  (termed 
Nugget  sandstone  II)  presented  in  Table  2  in  terms  of  Klc  factors.  This 
sandstone  came  from  a  different  block  than  that  used  in  the  rest  of  the 
program,  and  had  slightly  higher  tensile  properties  although  apparently  the 
same  compressive  strength.  A  number  of  tests  of  notched  specimens  were  run 
on  three  different  notch  configurations  and  four  different  notch  depths.  Alf'ojgh 
somewhat  scattered,  the  results  appear  to  be  insensitive  to  the  notch  tip 
radius.  Also,  if  K^c  were  a  material  constant  independent  of  notch  size, 
the  net  section  stress  for  specimens  with  different  notch  depths  would  fol¬ 
low  the  prediction  of  equation  8.  A  comparison  of  the  net  section  stress 
in  the  specimens  with  that  predicted  on  the  basis  of  equation  8  and  an 
average  value  of  Klc  equal  to  280  psi  /Tn  is  shown  in  Figure  40.  Although 
again  the  scatter  is  large,  the  results  could  be  interpreted  to  be  following 
the  predicted  variation. 
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The  concepts  of  «IC  and  fracture  energy  discussed  above  interact  with 
the  concept  of  a  critically  stressed  distance  in  the  following  way.  Consider 
the  critically  stressed  distance  vs.  maximum  strtss  plots  shown  previously 
in  Figures  37-39.  As  the  maximum  stress  is  raised,  the  distance 
6  over  which  the  stress  must  be  raised  above  the  tensile  strength  decreases. 
This  distance  does  not  approach  zero  as  the  stress  gets  very  large,  however, 
but  instead  approaches  a  minimum  limit.  This  can  be  seen  by  considering 
a  sharp  crack  stressed  just  below  the  critical  stress.  As  can  be  seen  from 
equation  6  ,  the  predicted  stress  is  infinite  at  the  crack  tip,  however,  the 
region  6  can  be  obtained  from  the  stress  distribution  around  the  crai  k.  As 
a  first  approximation  this  distance  can  be  obtained  from  equation  6  by 
considering  r  to  be  equal  to  5  when  the  stress  is  equal  to  the  tensile 
strength.  Thus 


and  this  establishes  a  minimum  value  for  6.  This  expression  is  approximate 
as  equation  6  only  holds  for  small  r.  It  is  interesting  to  note  that  a 
similar  expression  is  commonly  used  in  fracture  mechanics  for  estimating 
yield  zone  sizf  ,  with  replaced  by  the  yield  strennth  (9  ).  These  mini¬ 
mum  values  of  u  have  been  added  to  Figures  37-39. 
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Multiaxial  Stress  Effects 

It  is  possible  to  generalize  the  concept  of  a  critically  stressed 
region  discussed  above  to  include  multiaxial  stress  effects.  To  do  this 
it  is  necessary  to  consider  a  function  of  the  full  stress  tensor  as  defining 
the  boundary  of  the  critically  stressed  region,  instead  of  merely  the 
maximum  principal  stress.  A  number  of  possibilities  exist  for  defining 
this  function  of  the  stresses,  such  as  the  classical  Coloumb-Mohr  criteria 
and  others  discussed  by  Jaeger  and  Cook  (5).  Other  possibilities  exist, 
as  for  example  those  discussed  by  Mogi  (28)  and  Wawersik  (2).  Rather 
arbitrarily  a  uniform  stress  criterion  was  selected  that  is  based  on  the 
octahedral  shear  stress  and  octahedral  normal  stress.  To  establish  the 
specific  form  of  the  critericn  to  be  used,  the  fracture  values  in  the 
unnotched  tension  and  extension  tests  were  employed.  The  plots  could  be 
fitted  with  a  straight  line  as 

Westerly  granite:  F  =  -  0.310  J-j  -  1.75  ksi  (11) 

Nugget  sandstone:  F  =  -  0.346  -  0.80  ksi  (12) 

Tennessee  marble:  F  =  -  0.33  J-j  -  1.05  ksi  (13) 

where  fracture  is  assumed  to  take  place  when  F=0.  The  stress  invariants  arc- 
related  to  the  octahedral  stresses  and  are  given  by 


V  ■  s1j 


kk 


(14) 

(15) 


where  S^j  is  the  deviatoric  stress  and  the  summation  convention  is  employed. 
It  has  been  established  (21,28)  that  the  above  criteria  will  not  predict 
failure  in  both  triaxial  compression  and  extension  experiments.  In  ;he 
present  case  however  only  extension  type  fractures  are  involved  and  thus 
the  above  limitation  may  not  be  serious. 

A  material  distance  <$  was  then  defined  for  each  specimen  tested  with 
nonuniform  stresses,  including  the  notched  tension  and  extension  one  inch 
diameter  specimens,  the  unnotched  torsion,  and  the  bendinq  test  specimens. 
The  distance  6  was  defined  as  the  radial  distance  in  the  cylindrical  speci¬ 
mens  over  which  the  stresses  at  the  midplane  at  fracture  exceeded  the  value 
F=0  that  defines  fracture  for  conditions  of  uniform  stress.  Similarly  6 
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v:as  defined  in  the  direction  of  the  beam  thickness.  Thus  the  width  of  the 
beams  and  the  circumference  of  the  cylinders  was  ignored. 

A  variation  ir.  6  was  observed  similar  to  that  seen  previously  for 
uniaxial  stress.  In  an  attempt  to  correlate  this  variation,  the  values  of 
6  were  plotted  versus  the  peak  value  of  F  at  the  notch  tip  or  specimen 
outer  surface.  These  plots  are  shown  in  log-log  coordinates  in  Figures  41-43. 
Although  the  plots  exhibit  a  great  deal  of  scatter,  general  trends  can 
be  observed. 

The  plots  of  Figures  41-43  are  in  general  quite  sensitive  to  the 
experimentally  determined  net  section  stresses.  Changes  on  the  order  of  25% 
or  less  in  the  experimental  values  would  make  all  the  points  fall  in  on  a 
straight  line,  with  the  exception  of  the  unconfined  tension  and  torsion  data. 
This  may  well  stem  rrom  the  original  choice  of  the  uniform  stress  criterion 
for  F.  Further  worx  on  fracture  in  mixed  biaxial  tension— compression 
is  needed  to  answer  this  question.  Systematic  difference  may  be  pre¬ 
sent  in  the  data,  as  the  tension  and  torsion  results  are  somewhat  dif¬ 
ferent. 

It  should  be  pointed  o‘jt  that  Figures  41-43,  although  scattered, 
encompass  an  extremely  wide  range  of  experimental  variables.  The  stresses 
range  from  triaxial  tension  to  compression,  and  exceed  the  allowable  stress 
for  uniform  stress  conditions  by  large  factors  in  some  cases.  Thus,  it  is 
significant  that  the  empirical  criterion  illustrated  in  Figures  41-43  can 
successfully  correlate  the  fracture  strength. 

V.  DISCUSSION 

One  of  the  fundamental  results  observed  in  the  experimental  data  is 
the  insensitivity  of  net  section  fracture  stress  to  stress  concentrations. 

This  insensitivity  has  been  observed  in  other  materials  such  as  concrete  (12), 
cast  iron  (14),  ceramics  (11),  and  to  a  lesser  extent  in  plastics  (13,  39), 
steel  and  aluminum  (41).  It  is  widely  believed  to  be  dr 3  to  micro-structural 
defects  and  inhomogeneity.  As  a  result  of  this  insensitivity  of  fracture 
to  stress  concentration,  linear  elastic  theory  predicts  stresses  in  test 
specimens  under  conditions  of  stress  gradient  that  are  greatly  in  excess  of 
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the  fracture  stress  under  uniform  stress  conditions.  Undoubtedly  part  of 
this  effect  is  due  to  the  assumption  of  linear  elasticity  in  the  stress 
calculation,  and  this  assumption  will  be  investigated  in  future  work. 

However,  unlike  compression  results,  tension  stress-strain  curves  of  rocks 
and  many  of  the  other  materials  mentioned  above  are  not  greatly  nonlinear. 

Thus,  macroscopically  observable  stress-strain  behavior  will  no;,  furnish  a  full 
explanation  of  the  high  predicted  stresses  under  nonuniform  stress  conditions. 
This  observation  of  increased  allowable  stress  under  conditions  of  non-uniform 
stress  is  commonly  observed,  as  for  example  in  the  familiar  result  that  the 
bending  strength  of  brittle  materials  is  higher  than  the  direct  tensile 
strength. 

This  increase  of  apparent  allowable  strength  under  conditions  of 
non-uniform  stress  has  practical  implications.  For  example,  rock  cutting 
inevitably  involves  concentrated  loading.  According  to  the  test  results 
described  earlier,  a  rational  design  of  a  cutting  tool  based  on  rock 
fracture  strength  must  be  based  on  both  the  magnitude  of  the  stress  and  the 
distance,  or  perhaps  volume,  of  the  stressed  area. 

A  preliminary  correlation  of  the  experimental  data  has  been  suggested 
in  this  report  through  the  concept  of  a  critically  stressed  distance  that 
varies  as  a  function  of  the  maximum  stress.  An  extremely  large  range  of 
variables  and  test  conditions  has  been  brought  together  through  this 
relationship.  The  plots  of  this  relationship  shown  in  Figures  41-43  are 
seen  to  be  quite  scattered:  however  changes  in  the  experimental  data  on  the 
order  of  25°/,  or  about  50%  for  the  torsion  data,  would  establish  a  smooth 


relationship.  Thus,  a  useful,  if  ad  hoc,  relationship  seems  to  have  been 
achieved.  Systematic  differences  in  the  test  results  may  exist  however,  and 


it  is  hoped  that  future  work  may  provide  a  more  fundamental  explanation  of 
non-uniform  stress  fracture. 

A  possible  method  of  connecting  "sharp  crack"  fracture  mechanics  theory 
to  fracture  under  conditions  of  lower  stress  gradient  has  been  suggested 
through  the  critically  stressed  distance  approach.  The  critically  stressed 
region  was  seen  to  decrease  with  increasing  stress  gradient,  but  is  postulated 
to  reach  a  minimum  that  could  be  approximated  by 

6  •  =  J-  (^)  (10) 

mm  2tt  'ot  ' 
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The  stress  intensity  factors  (K-jc)  could  be  obtained  by  testing  cracked 
specimens.  Values  were  calculated  based  on  the  assumption  that  the  0.0015 
radius  notched  specimens  could  be  treated  as  sharply  cracked,  and  good 
agreement  was  reached  with  fracture  energy  values  available  in  the  litera¬ 
ture,  particularly  with  the  data  of  Wawersik  (25).  However,  the  possibility 
exists  that  a  sharper  notch  tip  may  give  different  values. 

Weiss  et  al  (11,  41-43)  have  studied  the  effect  of  material  inhomogeneities 
on  fracture,  and  nave  observed  in  other  materials  some  of  the  features  noted 
here  for  rocks.  They  have  developed  a  rather-  simple  model  based  on  a 
uniform  distribution  of  flaws  as  illustrated  in  Figure  44.  Simplifying 
assumptions  lead  to  an  equation  for  fracture  of  notched  specimens  as 


=  !lS.  jO Li* 

anet  Kt  r 


(16) 


where  is  the  exterior  notch  stress  concentration  factor,  r  is  the  notch 
radius  and  x  is  the  distance  from  the  notch  tip  to  the  internal  flaw.  If 
the  flaw  spacing  is  b,  an  average  value  of  x  is  b/2  which  gives 


anet 


(17) 


which  immediately  shows  that  for  b=0  (homogeneous 
its  full  effect  sc  that 


°net 


material)  the  notch  has 

(18) 


while  for  finite  b/r  (inhomogeneous  material)  a  lower  notch  effect  is  seen. 

It  seems  likely  that  a  refinement  of  this  approach  may  furnish  an  explanation 
for  the  experimental  data. 

Both  critically  stressed  distances  and  critically  stressed  volumes 
have  been  employed  in  the  literature  in  stress-gradient  fracture,  as  well 
as  total  stressed  volume  as  in  the  Weibull  theory.  The  difference  between 
these  approaches  is  subtle  and  it  is  difficult  to  justify  a  choice  strictly 
on  the  b'-.sis  of  the  present  data.  The  critical  distance  concept  has  been 
often  employed  in  metal  fatigue,  primarily  on  the  basis  that  a  stressed 
distance  is  associated  with  crack  growth.  On  the  other  hand,  the  Weibull 
approach  is  based  on  a  "weak  link  in  series"  concept,  and  thus  may  appear 
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to  be  more  suitable  for  brittle  materials.  However,  apparent  evidence  of 
microcr  ck  growth  in  tension  well  before  final  rupture  were  reported  here 
and  elsewhere.  This  clearly  is  an  area  for  future  work. 

VI.  SUMMARY  AND  CONCLUSIONS 

A  test  program  has  been  carried  out  on  fracture  under  conditions  of 
stress  gradient  on  Westerly  granite.  Nugget  sandstone,  and  Tennessee  marble 
A  wide  variety  of  laboratory  test  methods  were  used  including  tension, 
extension,  torsion,  beam  bending,  and  compression.  Stress  gradients  were 
introduced  into  the  tension  and  extension  test  specimens  by  means  of 
notches.  The  results  were  analyzed  by  means  of  finite  element  solutions. 

The  notched  specimen  net  section  fracture  stress  was  found  to  be 
insensitive  to  the  notch  configuration  for  all  rocks.  However,  the  local 
stresses  in  the  specimens  were  much  higher  than  that  required  lo  cause 
fracture  in  uniformly  stressed  specimens.  This  result  is  typical  of  many 
materials,  and  is  evidenced  by  bending  strengths  being  higher  than  direct 
tensile  strength  in  many  brittle  materials.  This  apparent  i., crease  in 
strength  is  undoubtedly  important  in  rock  me'hanics  problems  involving 
stress  gradients. 

A  preliminary  correlation  of  the  increase  in  strength  exhibited  by  a 
specimen  in  a  non-uniform  stress  field  is  presented  based  on  a  critically 
stressed  distance  that  varies  as  a  function  of  the  maximum  stress  was 
presented.  Although  the  data  were  scattered,  and  systematic  differences 
may  also  exist,  this  concept  correlates  a  very  large  range  of  variables 
with  reasonable  accuracy.  The  minimum  critically  stressed  distance  was 
approximated  by  the  use  of  fracture  mechanics  concepts.  This  correlation 
is  presented  as  a  preliminary  result  and  will  be  refined  as  a  part  of  a 
research  effort  currently  in  progress. 
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Table  1.  Tension  Test  Results 


Soecimen  No. 

Notch 

Net 

Section  Stress -psi 

Nominal  Dia.-in. 

6 

Westerly 

Smooth 

1260 

1 

101 

Smooth 

1190 

3/4 

115 

Smooth 

1935 

1 

1 

116 

Smooth 

1745 

3-1 

1/8 

1470 

2 

1 

1 

2 

1/8 

1256 

99 

1/32 

1090 

1-2 

1/32 

1370 

2 

1 

4 

.0015 

1196 

2-2 

.0015 

1340 

2 

7 

Nugget 

Smooth 

518 

1 

12 

Smooth 

455 

1 

13 

Smooth 

700 

1 

14 

Smooth 

706 

1 

102 

Smooth 

830 

3/4 

11-2 

Smooth 

732 

2 

1 

117 

Smooth 

733 

6-2 

1/8 

576 

2 

1 

1 

8 

1/8 

527 

88 

1/32 

635 

4-2 

1/32 

553 

2 

1 

1 

110 

.0015 

535 

111 

.0015 

442 

5-2 

.0015 

538 

2 

89 

Marble 

Smooth 

885 

3/4 

90 

Smooth 

735 

3/4 

91 

Smooth 

928 

3/4 

12-2 

Smooth 

1260 

2 

1 

118 

T-17 

1013 

9-2 

1/8 

1260 

2 

1 

100 

1/8 

1310 

7-2 

1/32 

1110 

2 

1 

1 

95 

1/32 

1140 

96 

.0015 

1240 

8-2 

.0015 

1060 

2 
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Table  2.  Tension  Tests  for  Nugget  Sandstone,  Block  2 


Specimen 

No. 

Nominal 

0.0. 

in. 

Notch 

Radius 

in. 

Notch 

Depth 

in. 

0-47 

1 

Smooth 

Smooth 

0-58 

1 

Smooth 

Smooth 

0-59 

1 

Smooth 

Smooth 

0-60 

1 

Smooth 

Smooth 

0-9 

1 

Smooth 

Smooth 

0-10 

1 

Smooth 

Smooth 

0-11 

1 

Smooth 

Smooth 

0-61 

1 

.0015 

1/16 

0-62 

1 

.0015 

1/16 

0-63 

1 

.005* 

1/8 

0-64 

1 

.005* 

1/4 

0-65 

1 

.0015 

1/4 

0-66 

1 

.0015 

1/8 

0-67 

1 

.0015 

3/16 

0-68 

1 

.0015 

3/16 

0-69 

1 

.004 

1/4 

0-70 

1 

.004 

1/8 

Net  Section 
Stress-psi 

Outside 

Diameter 

D-in. 

Diameter  at 
Notched 
Section 
d-in. 

1310 

1110 

1270 

1120 

1070 

1500 

1260 

695 

0.972 

0.850 

666 

0.960 

0.826 

691 

0.940 

0.723 

697 

0.950 

0.452 

757 

0.970 

0.475 

564 

0.920 

0.682 

592 

0.971 

0.586 

556 

0.906 

0.535 

726 

0.975 

0.497 

622 

0.973 

0.720 
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Table  3.  Extension  Test  Results  (All  1") 


|  Westerly  Granite 

i  Nugget  Sandstone 

i  Tennessee  Marble 

Notch 

[Confining 

Spec. 

Net  Section 

Spec. 

Net  Section 

Spec. 

Net  Section 

Type 

Pressure-  ksi 

No. 

Stress-Dsi 

No. 

Stress-osi 

No. 

Stress-Dsi 

Smooth 

5 

113 

7760 

114 

7590 

52 

6145 

50 

5603 

112 

6610 

10 

84 

11800 

98 

12300 

109 

11700 

51 

10250 

15 

11 

13315 

20 

85 

22900 

97 

22900 

106 

23300 

30 

86 

30800 

94 

31800 

105 

31800 

1/8 

5 

8 

6120 

13 

6200 

16 

6990 

10 

38 

12500 

14 

10900 

60 

11800 

20 

41 

18900 

7 

18400 

59 

21600 

30 

39 

28200 

43 

31100 

58 

30000 

53 

26800 

44 

26000 

45 

— 

28800 

1/32 

5 

28 

5170 

27 

6390 

10 

18 

10500 

55 

1130C 

64 

10600 

22 

11000 

20 

77 

•  18500 

80 

19400 

63 

20300 

24 

18100 

30 

78 

21700 

81 

26000 

62 

22600 

25 

25300 

22.2 

21 

24100 

0.0015 

5 

15 

6100 

9 

4740 

10 

48 

11500 

?5 

10900 

68 

11100 

54 

13680 

75 

9690 

32 

11200 

20 

10 

16800 

36 

20500 

104 

21500 

33 

17400 

67 

9240 

30 

76 

21400 

37 

29300 

66 

22600 

34 

22200 
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Table  4.  Torsion  Test  Results 
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Table  5.  Bending  Test  Results 


Rock  Type 


Tennessee 

Marble 


Westerly 

Granite 


Nugget 

Sandstone 


Spec. 

No. 

Specimen 
Dimensions 
b=in.  H=in. 

Max. 

Load 

lbs 

Bending 

Moment 

in-lb 

Bending 

Stress 

psi 

B-l 

1.003 

0.497 

104 

78.0 

1890 

B-2 

1.010 

0.538 

128 

96.0 

1970 

B-3 

1.005 

0.510 

117 

87.7 

2014 

B-4 

1.050 

0.564 

286 

214.5 

3853 

B-5 

1.058 

0.508 

222 

166.5 

3659 

B-6 

1.047 

0.493 

197 

147.7 

3484 

B-7 

1.050 

0.497 

210 

157.5 

3644 

B-8 

1.025 

0.535 

121 

91.8 

1877 

B-9 

1.018 

0.520 

108 

81.4 

1775 

B-l  0 

1.027 

0.522 

127 

95.1 

2040 

B-l  1 

1.026 

0.753 

240 

180.0 

1856 

28 


Table  6.  Stress  Concentration  Factors  Obtained 
from  the  Finite  Element  Analyses  of  the  Notched  Cylindrical  Bars 
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Rock 

Specimen  No. 

Klc 

psI^/TnT 

i  nch 

Westerly  granite 

4 

545 

.0118 

Westerly  granite 

2-2 

769 

.0235 

Nugget  sandstone 

no 

244 

.0155 

Nugget  sandstone 

ill 

202 

.0106 

Nugget  sandstone 

5-2 

309 

.0249 

Tennesse  marble 

96 

565 

.0320 

Tennesse  marble 

8-2 

608 

.0371 

30 
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Notch  Radius 
=  0.0015  in. 


Notch  Radius 
=  1/32  in. 


Motch  Paaius 
=  1/8  in. 


Figure  1.  Notched  Rock  Specimens 
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Notch  depth  and 
notch  tip  radius 
variable. 

Notch  width  =  0.030 


FIGURE  3.  Notched  specimens  used  in  Nugget  sandstone 
Block  II  tension  tests. 
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i ^u'-e  6.  Schematic  cf  Tender  Test  fypparatu" 


Loading  piston 

Wedge  and  0-ring  seal 
Pressure  vessel 

Steel  end-tab 

Tygcn  tubing  jacket 

RTV  filled  notch 
Reck  specimen 

Steel  end -tab  bonded  to 
rock  specimen 

Strain-gaged  load  cell 

Cone  and  seal 
base  plug 


Llectn'cal  leads 


Figure  7,  Schematic  of  extension  apparatus 
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Steel  cylinder 


FIGURE  8.  Beam  bending  test  apparatus. 


Figure  10.  Tension  and  Extension  Test  Results  for 
Westerly  Granite  (Unnotched) 


'mi  eaeacs 


gfc*: 


0  10  20  30 


Confining  Pressure,  Oj  (KSI) 

Figure  11.  Tension  and  Extension  Test  Results  for 
Nugget  Sandstone  (Unnotched) 
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FIGURE  13.  Extension  test  results  for  notched  Westerly  granite  specimens. 


^S)|  (£o-*-o)  ‘aouaua^ip  ssau^s  |eixe  uoipas  }3N 


Confining  Pressure,  Ksi  o-j 

FIGURE  14.  Extension  test  results  for  notched  Nugget  sandstone  specimens 


Tennessee  Marble  No.  59,  1/8  Notch 


Westerly  Granite  No.  51,  Nugget  Sandstone  No.  45, 

Unnotched  1/8  Notch 

FIGURE  16.  Fracture  surface  of  extension  specimens. 


FIGURE  19.  Scanning  electron  microscope  photo  of  Nugget  Sandstone  beam  section. 


FIGURE  21 .  Notched  compression  test  fractures. 
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Strain  (x  10"^)  in/in  Extension  •> 

FIGURE  22.  Principal  stress-strain  curves  for 
tension  test  of  Westerly  granite. 
(From  Reference  1<S) 
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Figure  23.  Principal  stress-strain  curve  for  tension  test  of  Nugget 
sandstone  specimens.  (From  Reference  18) 


Specimen  Specimen 


Jilatation  stress-strain  curves  in  unconfined  tension  tests  of  Nugget  sandstone 
(From  Reference  18) 
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figure  27.  Conpa;  ison  of  Finite-e’ement  Resets  with 

Neuber  Solution  in  Vicinity  o;'  ; /f'  in.  Radius 
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FIGURE  33.  Notch  tip  tensi  e  stress  in  tension  test  specimens. 


Olfi 


O  2  in.  diareter  notched  tensile 
O  1  in.  dianete»*  notched  tensile 
Bending 


Figure  37.  Critically  stressed  distance  for  non-uniform 
stresses  in  Westerly  granite. 


Notch  Depth,  In. 

FIGURE  40.  Effect  of  notch  depth  on  net  section  stress  for  Nugget 
sandstone  (Block  II). 
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A  Notched  tension,  1  in. 

O  Notched  tension,  2  in. 

□  Beam  Bending 
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FIGURE  41.  Critically  stressed  distanc°  for  multiaxial  stress 
gradients  in  Westerly  granite. 
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FIGURE  42.  Critically  stressed  distance  for  multiaxial  stress 
gradients  in  Nugget  sandstone. 
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o  Notched  extension 
A  Notched  tension,  1  in. 

O  Notched  tension,  2  in. 

□  Beam  bending 

0  Torsion  .. 

G  /  O 
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FIGURE  43. 


Critically  stressed  distance  for  multiaxial 
stress  gradients  in  Tennessee  marble. 
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Specimen I  Date  of  Type  of  Notch  Net  Section  Nom  Diameter 

Number  Test  Rock  (Inches)  Stress  (psi)  (Inches) 


Pate  of  Type  of  Notch  >  Net  Section  H  Nom  Diameter 

Test  Rock  (Inches)  i  Stress  ( psi )  (Inches) 
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